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Abstract. The purpose of this paper is to study diﬀerent kinds of stability for a class of Hammerstein integral equations. Suﬃcient
conditions are derived in view to obtain Hyers-Ulam stability and Hyers-Ulam-Rassias stability for such a class of Hammerstein
integral equations. The consequent diﬀerent cases of a ﬁnite interval and an inﬁnite interval are considered, and some concrete
examples are included to illustrate the results.
INTRODUCTION
During the last six decades the concept of stability for diﬀerent kinds of equations has been studied in a quite extensive
way. In special, Hyers-Ulam stability and Hyers-Ulam-Rassias stability of a great variety of functional equations,
diﬀerential equations and integral equations have earned particular interest due to their great number of applications
e.g. in elasticity, semiconductors, heat conduction, ﬂuid ﬂow, scattering theory, chemical reactions and population
dynamic, among others (see [1, 3, 4, 5, 6, 7, 9, 10, 11, 12, 14, 15, 16, 17, 18, 19, 20, 21, 23]). The ﬁrst results of
stability of this type for functional equations were originated from a famous question raised by S. M. Ulam, in 1940,
about to discover when a solution of an equation diﬀering “slightly” from a given one must be somehow near to the
solution of the given equation.
D. H. Hyers gave a partial answer to the question of S. M. Ulam, for Banach spaces, in the case of the additive
Cauchy equation, f (x+ y) = f (x)+ f (y), cf. [13]. Namely, let S 1 and S 2 be two (real) Banach spaces and assume that
a mapping h : S 1 → S 2 satisﬁes the inequality
‖h(x + y) − h(x) − h(y)‖ ≤ ε, x, y ∈ S 1 (1)
for some nonnegative ε. Then the limit A(x) = lim
n→∞h(2
nx)2−n exists for each x ∈ S 1 and A : S 1 → S 2 is the unique
additive function such that
‖A(x) − h(x)‖ ≤ ε, x ∈ S 1
holds. This last result is nowadays called the Hyers-Ulam stability of the additive Cauchy equation.
New directions were introduced by Th. M. Rassias, see [22], by considering unbounded right-hand sides in the
inequality (1), which depend on certain functions of x and y, introducing therefore the so-called Hyers-Ulam-Rassias
stability.
In this work, we will be devoted to analyse Hyers-Ulam and Hyers-Ulam-Rassias stability for the following class
of Hammerstein integral equations:
y(x) = p(x) + f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ, x ∈ [a, b], (2)
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where, for starting, a and b are ﬁxed real numbers, p : [a, b] → C, f : [a, b] × C → C and h : [a, b] × C → C are
continuous functions, and the kernel g : [a, b] × [a, b]→ C is also a continuous function.
The formal deﬁnition of the above mentioned Hyers-Ulam-Rassias stability and Hyers-Ulam stability are now
introduced for the Hammerstein integral equation which are being considered in here.
If for each function y satisfying
∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣ ≤ σ(x), x ∈ [a, b],
where σ is a non-negative function, there is a solution y0 of the Hammerstein integral equation and a constant C > 0
independent of y and y0 such that
|y(x) − y0(x)| ≤ Cσ(x),
for all x ∈ [a, b], then we say that the Hammerstein integral equation (2) has the Hyers-Ulam-Rassias stability.
If for each function y satisfying
∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣ ≤ θ, x ∈ [a, b],
where θ ≥ 0, there is a solution y0 of the Hammerstein integral equation and a constant C > 0 independent of y and y0
such that
|y(x) − y0(x)| ≤ Cθ,
for all x ∈ [a, b], then we say that the Hammerstein integral equation has the Hyers-Ulam stability.
Some of the present techniques to study the stability of functional equations use a combination of ﬁxed point
results with a generalized metric in appropriate settings. In view of this, let us recall the deﬁnition of a generalized
metric on a nonempty set X.
Deﬁnition 1 A function d : X × X → [0,+∞] is called a generalized metric on X if and only if d satisﬁes the
following three propositions:
i) d(x, y) = 0 if and only if x = y;
ii) d(x, y) = d(y, x) for all x, y ∈ X;
iii) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.
In the just presented setting of generalized metrics, it is possible to use the following well-known Banach Fixed
Point Theorem.
Theorem 2 Let (X, d) be a generalized complete metric space and T : X → X a strictly contractive operator with
a Lipschitz constant L < 1. If there exists a nonnegative integer k such that d(Tk+1x,Tkx) < ∞ for some x ∈ X, then
the following three propositions hold true:
i) the sequence (Tnx)n∈N converges to a ﬁxed point x∗ of T;
ii) x∗ is the unique ﬁxed point of T in
X∗ = {y ∈ X : d(Tkx, y) < ∞};
iii) if y ∈ X∗, then
d(y, x∗) ≤ 1
1 − L d(Ty, y). (3)
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THE HYERS-ULAM-RASSIAS STABILITY IN THE FINITE INTERVAL CASE
The present section is devoted to present suﬃcient conditions for the Hyers-Ulam-Rassias stability of the Hammerstein
integral equation (2), where x ∈ [a, b], for some ﬁxed real numbers a and b.
We will be using the space C([a, b]) of continuous functions on [a, b], endowed with the metric
d(u, v) = sup
x∈[a,b]
|u(x) − v(x)|
σ(x)
, (4)
where σ is a non-decreasing continuous function σ : [a, b] → (0,∞). Recall that (C([a, b]), d) is a complete metric
space (cf., e.g., [2], [8]).
Theorem 3 Let us consider a continuous given function μ : [a, b]→ [0,∞). Moreover, assume that p : [a, b]→ C
is a continuous function, f : [a, b] × C→ C is a continuous function such that there exists M > 0 so that
M = sup
x∈[a,b]
| f (x, y)|, y ∈ C,
and the kernel g : [a, b] × [a, b]→ C is also continuous. In addition, suppose that there is β ∈ [0, 1) such that
∫ x
a
|g(x, τ)| μ(τ)σ(τ)dτ ≤ βσ(x)
and h : [a, b] × C→ C is a continuous function which fulﬁls the condition
|h(x, u(x)) − h(x, v(x))| ≤ μ(x)|u(x) − v(x)|
for all x ∈ [a, b] and u, v ∈ C([a, b]).
If y ∈ C([a, b]) is such that
∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣ ≤ σ(x), x ∈ [a, b], (5)
and Mβ < 1, then there is a unique function y0 ∈ C([a, b]) such that
y0(x) = p(x) + f (x, y0(x))
∫ x
a
g(x, τ)h(τ, y0(τ))dτ
and
|y(x) − y0(x)| ≤ σ(x)1 − Mβ (6)
for all x ∈ [a, b].
This means that under the above conditions, the Hammerstein integral equation (2) has the Hyers-Ulam-Rassias
stability.
Proof. We will consider the operator T : C([a, b])→ C([a, b]), deﬁned by
(Tu) (x) = p(x) + f (x, u(x))
∫ x
a
g(x, τ)h(τ, u(τ))dτ,
for all x ∈ [a, b] and u ∈ C([a, b]). Note that for any continuous function u, Tu is also continuous. Indeed,
|(Tu)(x) − (Tu)(x0)| =
∣∣∣∣∣p(x) + f (x, u(x))
∫ x
a
g(x, τ)h(τ, u(τ))dτ − p(x0) − f (x0, u(x0))
∫ x0
a
g(x0, τ)h(τ, u(τ))dτ
∣∣∣∣∣
≤ |p(x) − p(x0)| +
∣∣∣∣∣ f (x, u(x))
∫ x
a
g(x, τ)h(τ, u(τ))dτ − f (x0, u(x0))
∫ x0
a
g(x0, τ)h(τ, u(τ))dτ
∣∣∣∣∣
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≤ |p(x) − p(x0)| + M
∣∣∣∣∣
∫ x
a
g(x, τ)h(τ, u(τ))dτ −
∫ x0
a
g(x0, τ)h(τ, u(τ))dτ
∣∣∣∣∣
= |p(x) − p(x0)| + M
∣∣∣∣∣
∫ x
a
g(x, τ)h(τ, u(τ))dτ −
∫ x
a
g(x0, τ)h(τ, u(τ))dτ
+
∫ x
a
g(x0, τ)h(τ, u(τ))dτ −
∫ x0
a
g(x0, τ)h(τ, u(τ))dτ
∣∣∣∣∣
≤ |p(x) − p(x0)| + M
(∫ x
a
|g(x, τ) − g(x0, τ)| |h(τ, u(τ))| dτ
+
∣∣∣∣∣∣
∫ x
x0
g(x0, τ)h(τ, u(τ))dτ
∣∣∣∣∣∣
)
−→ 0
when x→ x0.
Under the present conditions, we will now deduce that the operator T is strictly contractive (with respect to the
metric under consideration). Indeed, for all u, v ∈ C([a, b]), we have,
d (Tu,Tv) = sup
x∈[a,b]
| (Tu) (x) − (Tv) (x)|
σ(x)
= sup
x∈[a,b]
∣∣∣ f (x, u(x)) ∫ xa g(x, τ)h(τ, u(τ))dτ − f (x, v(x))
∫ x
a g(x, τ)h(τ, v(τ))dτ
∣∣∣
σ(x)
≤ M sup
x∈[a,b]
∫ x
a |g(x, τ)| |h(τ, u(τ)) − h(τ, v(τ))| dτ
σ(x)
≤ M sup
x∈[a,b]
∫ x
a |g(x, τ)| μ(τ) |u(τ) − v(τ)| dτ
σ(x)
= M sup
x∈[a,b]
∫ x
a |g(x, τ)| μ(τ)σ(τ) |u(τ)−v(τ)|σ(τ) dτ
σ(x)
≤ M sup
τ∈[a,b]
|u(τ) − v(τ)|
σ(τ)
sup
x∈[a,b]
∫ x
a |g(x, τ)| μ(τ)σ(τ)dτ
σ(x)
≤ Md(u, v)β.
Due to the fact that Mβ < 1 it follows that T is strictly contractive. Thus, we can apply the above mentioned Banach
Fixed Point Theorem, which ensures that we have the Hyers-Ulam-Rassias stability for the Hammerstein integral
equation. Additionally, (6) follows from (3) and (5).
THE HYERS-ULAM STABILITY IN THE FINITE INTERVAL CASE
The present section is devoted to present suﬃcient conditions for the Hyers-Ulam stability of the Hammerstein integral
equation (2). For a given non-decreasing continuous function σ : [a, b] → (0,∞), we will continue to use the same
metric (4).
Theorem 4 Let us consider a continuous given function μ : [a, b]→ [0,∞). Moreover, assume that p : [a, b]→ C
is a continuous function, f : [a, b] × C→ C is a continuous function such that there exists M > 0 so that
M = sup
x∈[a,b]
| f (x, y)|, y ∈ C,
and the kernel g : [a, b] × [a, b]→ C is also continuous. In addition, suppose that there is β ∈ [0, 1) such that∫ x
a
|g(x, τ)| μ(τ)σ(τ)dτ ≤ βσ(x)
020036-4
and h : [a, b] × C→ C is a continuous function which fulﬁls the condition
|h(x, u(x)) − h(x, v(x))| ≤ μ(x)|u(x) − v(x)|
for all x ∈ [a, b] and u, v ∈ C([a, b]).
If y ∈ C([a, b]) is such that
∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣ ≤ θ, x ∈ [a, b], (7)
where θ ≥ 0 and Mβ < 1, then there is a unique function y0 ∈ C([a, b]) such that
y0(x) = p(x) + f (x, y0(x))
∫ x
a
g(x, τ)h(τ, y0(τ))dτ
and
|y(x) − y0(x)| ≤ θ1 − Mβ (8)
for all x ∈ [a, b].
This means that under the above conditions, the Hammerstein integral equation (2) has the Hyers-Ulam stability.
Proof. We will consider the operator T : C([a, b])→ C([a, b]), deﬁned by
(Tu) (x) = p(x) + f (x, u(x))
∫ x
a
g(x, τ)h(τ, u(τ))dτ,
for all x ∈ [a, b] and u ∈ C([a, b]) (which we know already to be well-deﬁned).
T is strictly contractive (with respect to the metric under consideration). Indeed, for all u, v ∈ C([a, b]), we have,
d (Tu,Tv) = sup
x∈[a,b]
| (Tu) (x) − (Tv) (x)|
σ(x)
≤ M sup
x∈[a,b]
∫ x
a |g(x, τ)| |h(τ, u(τ)) − h(τ, v(τ))| dτ
σ(x)
≤ M sup
x∈[a,b]
∫ x
a |g(x, τ)| μ(τ) |u(τ) − v(τ)| dτ
σ(x)
= M sup
x∈[a,b]
∫ x
a |g(x, τ)| μ(τ)σ(τ) |u(τ)−v(τ)|σ(τ) dτ
σ(x)
≤ M sup
τ∈[a,b]
|u(τ) − v(τ)|
σ(τ)
sup
x∈[a,b]
∫ x
a |g(x, τ)| μ(τ)σ(τ)dτ
σ(x)
≤ Md(u, v)β.
Due to the fact that Mβ < 1 it follows that T is strictly contractive. Thus, we can again apply the Banach Fixed Point
Theorem, which ensures that we have the Hyers-Ulam stability for the Hammerstein integral equation with (8) being
obtained by using (3) and (7).
THE HYERS-ULAM-RASSIAS STABILITY IN THE INFINITE INTERVAL CASE
In this section, we will analyse the Hyers-Ulam-Rassias stability of the Hammerstein integral equation but when
considering inﬁnite intervals. This means that instead of considering, as before, a ﬁnite interval [a, b] (with a, b ∈ R),
we will now consider e.g. corresponding intervals [a,∞), for some ﬁxed a ∈ R.
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Thus, we will now be dealing with the integral equation
y(x) = p(x) + f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ, x ∈ [a,∞),
where a is a ﬁxed real number, p : [a,∞) → C and f : [a,∞) × C → C are bounded continuous functions, and
h : [a,∞) × C → C and the kernel g : [a,∞) × [a,∞) → C are continuous functions. Here, our strategy will be based
on a recurrence procedure due to the already obtained result for the corresponding ﬁnite interval case.
Let us consider a ﬁxed non-decreasing continuous function ϕ : [a,∞)→ (ε, ω), for some ε, ω > 0, and the space
Cb([a,∞)) of bounded continuous functions endowed with the weighted metric
db(u, v) = sup
x∈[a,∞)
|u(x) − v(x)|
ϕ(x)
.
Theorem 5 Let us consider a continuous given function μ : [a,∞)→ [0,∞). Moreover, assume that p : [a,∞)→
C is a bounded continuous function, f : [a,∞) × C→ C is a continuous function such that there exists M > 0 so that
M = sup
x∈[a,∞)
| f (x, y)|, y ∈ C,
and the kernel g : [a,∞) × [a,∞)→ C and h : [a,∞) × C→ C are continuous functions so that ∫ xa g(x, τ)h(τ, z(τ))dτ
is a bounded continuous function for any bounded continuous function z.
In addition, suppose that there is β ∈ [0, 1) such that∫ x
a
|g(x, τ)| μ(τ)ϕ(τ)dτ ≤ βϕ(x)
and h : [a,∞) × C→ C is a continuous function which fulﬁls the condition
|h(x, u(x)) − h(x, v(x))| ≤ μ(x)|u(x) − v(x)|
for all x ∈ [a,∞) and u, v ∈ Cb([a,∞)).
If y ∈ Cb([a,∞)) is such that∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣ ≤ ϕ(x), x ∈ [a,∞),
and Mβ < 1, then there is a unique function y0 ∈ Cb([a,∞)) such that
y0(x) = p(x) + f (x, y0(x))
∫ x
a
g(x, τ)h(τ, y0(τ))dτ (9)
and
|y(x) − y0(x)| ≤ ϕ(x)1 − Mβ (10)
for all x ∈ [a,∞).
This means that under the above conditions, the corresponding Hammerstein integral equation has the Hyers-
Ulam-Rassias stability.
Proof. For any n ∈ N, we will deﬁne In = [a, a + n]. By Theorem 3, there exists a unique bounded continuous
function y0,n : In → C such that
y0,n(x) = p(x) + f (x, y0,n(x))
∫ x
a
g(x, τ)h(τ, y0,n(τ))dτ (11)
and
∣∣∣y(x) − y0,n(x)∣∣∣ ≤ ϕ(x)1 − Mβ (12)
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for all x ∈ In. The uniqueness of y0,n implies that if x ∈ In then
y0,n(x) = y0,n+1(x) = y0,n+2(x) = · · · (13)
For any x ∈ [a,∞), let us deﬁne n(x) ∈ N as n(x) = min{n ∈ N | x ∈ In}.We also deﬁne a function y0 : [a,∞)→ C by
y0(x) = y0,n(x)(x). (14)
For any x1 ∈ [a,∞), let n1 = n(x1). Then x1 ∈ Int In1+1 and there exists an 	 > 0 such that y0(x) = y0,n1+1(x) for all
x ∈ (x1 − 	, x1 + 	). By Theorem 3, y0,n1+1 is continuous at x1, and so it is y0.
Now, we will prove that y0 satisﬁes
y0(x) = p(x) + f (x, y0(x))
∫ x
a
g(x, τ)h(τ, y0(τ))dτ
and
|y(x) − y0(x)| ≤ ϕ(x)1 − Mβ (15)
for all x ∈ [a,∞). For an arbitrary x ∈ [a,∞) we chose n(x) such that x ∈ In(x). By (11) and (14), we have
y0(x) = y0,n(x)(x) = p(x) + f (x, y0,n(x)(x))
∫ x
a
g(x, τ)h(τ, y0,n(x)(τ))dτ
= p(x) + f (x, y0(x))
∫ x
a
g(x, τ)h(τ, y0(τ))dτ. (16)
Note that n(τ) ≤ n(x), for any τ ∈ In(x), and it follows from (13) that y0(τ) = y0,n(τ)(τ) = y0,n(x)(τ), so, the last equality
in (16) holds.
To prove (15), by (14) and (12), we have that for all x ∈ [a,∞),
|y(x) − y0(x)| =
∣∣∣y(x) − y0,n(x)(x)∣∣∣ ≤ ϕ(x)1 − Mβ .
Finally, we will prove the uniqueness of y0. Let us consider another bounded continuous function y1 which satisﬁes
(9) and (10), for all x ∈ [a,∞). By the uniqueness of the solution on In(x) for any n(x) ∈ N we have that y0 |In(x) = y0,n(x)
and y1 |In(x) satisﬁes (9) and (10) for all x ∈ In(x), so
y0(x) = y0|In(x) (x) = y1|In(x) (x) = y1(x).
Remark 6 With the necessary adaptations, Theorem 5 also holds true for inﬁnite intervals (−∞, b], with b ∈ R,
as well as for (−∞,∞).
EXAMPLES
In this section we will present some illustrative examples.
First Example
For continuous functions y :
[
π
12 ,
π
6
]
→ [−1, 1], let us consider the integral equation
y(x) = sin(x) +
x2
x + 1
(
tan(x) − x − 2 + √3 + π
12
)
+
arcsin(y(x))
x + 1
∫ x
π
12
(
−x sin(τ) y(τ)
cos2(τ)
)
dτ, x ∈
[
π
12
,
π
6
]
, (17)
as well as the continuous function μ :
[
π
12 ,
π
6
]
→ [0,∞) such that μ(x) = 1x .
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We realize that all the conditions of Theorem 3 are here satisﬁed. In fact, p :
[
π
12 ,
π
6
]
→ C given by
p(x) = sin(x) +
x2
x + 1
(
tan(x) − x − 2 + √3 + π
12
)
is a continuous function; f :
[
π
12 ,
π
6
]
× [−1, 1] → C such that f (x, y(x)) = arcsin(y(x))x+1 is a continuous function which
fulﬁlls
sup
x∈[ π12 , π6 ]
| f (x, y(x))| = sup
x∈[ π12 , π6 ]
∣∣∣∣∣arcsin(y(x))x + 1
∣∣∣∣∣ ≤ 6ππ + 12 = M;
the kernel g :
[
π
12 ,
π
6
]
×
[
π
12 ,
π
6
]
→ C deﬁned by g(x, τ) = −x sin(τ) is also continuous; there exists β ∈ [0, 1) such that
∫ x
π
12
|g(x, τ)| μ(τ)σ(τ)dτ =
∫ x
π
12
|−x sin(τ)| 1
τ
τdτ = x
(
− cos(x) + cos
(
π
12
))
≤
(
cos
(
π
12
)
− cos
(
π
6
))
x = βσ(x),
where σ :
[
π
12 ,
π
6
]
→ (0,∞) is the non-decreasing continuous function σ(x) = x; h :
[
π
12 ,
π
6
]
× [−1, 1] → C such that
h(τ, y(τ)) = y(τ)cos2(τ) is a continuous function which fulﬁls the condition
|h(x, u(x)) − h(x, v(x))| =
∣∣∣∣∣ u(x)cos2(x) −
v(x)
cos2(x)
∣∣∣∣∣ ≤ 1x |u(x) − v(x)| = μ(x) |u(x) − v(x)| , x ∈
[
π
12
,
π
6
]
.
If we choose y(x) = sin(x)0.6 , it follows∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
0
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣
=
∣∣∣∣∣∣
2
3
sin(x) −
[
x2
x + 1
− x
(x + 1)0.6
arcsin
(
sin(x)
0.6
)] (
tan(x) − x − 2 + √3 + π
12
)∣∣∣∣∣∣ ≤ x = σ(x), x ∈
[
π
12
,
π
6
]
.
Therefore, this exhibits the Hyers-Ulam-Rassias stability of the Hammerstein integral equation (17). Moreover, by
using the exact solution y0(x) = sin(x) and Mβ = 6ππ+12
(
cos
(
π
12
)
− cos
(
π
6
))

 0.124364632 < 1, we realize that
|y(x) − y0(x)| =
∣∣∣∣∣ sin(x)0.6 − sin(x)
∣∣∣∣∣ ≤ σ(x)1 − Mβ , x ∈
[
π
12
,
π
6
]
.
Second Example
Let us now consider the integral equation
y(x) = x − x
2
ln
(
x + 1
2
)
+
xy(x)
2
∫ x
1
1
x + τ
y(τ)
τ2
dτ, x ∈ [1, 2], (18)
and the continuous given function μ : [1, 2] → [0,∞) such that μ(x) = 1x . We know that the exact solution of this
equation is y0(x) = x. Again, we can see that all the conditions of Theorem 3 are satisﬁed. In fact, p : [1, 2]→ C such
that
p(x) = x − x
2
ln
(
x + 1
2
)
is a continuous function; f : [1, 2] × C → C such that f (x, y(x)) = xy(x)2 is a continuous function where
sup
x∈[1,2]
| f (x, y(x))| ≤ 2 = M; the kernel g : [1, 2] × [1, 2] → C, given by g(x, τ) = 1x+τ , is a continuous; there exists
β ∈ [0, 1) such that
∫ x
1
|g(x, τ)| μ(τ)σ(τ)dτ =
∫ x
1
∣∣∣∣∣ 1x + τ
∣∣∣∣∣ 1ττdτ = ln
2x
x + 1
≤ ln 4
3
x = βσ(x),
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where σ : [1, 2]→ (0,∞) is the non-decreasing continuous function σ(x) = x. Moreover, h : [1, 2]×C→ C such that
h(τ, y(τ)) = y(τ)
τ2
is a continuous function which fulﬁls the condition
|h(x, u(x)) − h(x, v(x))| =
∣∣∣∣∣u(x)x2 −
v(x)
x2
∣∣∣∣∣ = 1x2 |u(x) − v(x)| ≤
1
x
|u(x) − v(x)| = μ(x) |u(x) − v(x)| ,
for all x ∈ [1, 2]. If we choose y(x) = x0.3 , it follows,∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
a
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣ =
∣∣∣∣∣176 −
50
9
ln
x + 1
2
∣∣∣∣∣ x ≤
∣∣∣∣∣176 −
50
9
ln
3
2
∣∣∣∣∣ x ≤ x = σ(x), x ∈ [1, 2].
This exhibits the Hyers-Ulam-Rassias stability of the Hammerstein integral equation (18). In addition, having in mind
the exact solution y0(x) = x and Mβ = 2 × ln 43 
 0.5753641449 < 1, we have
|y(x) − y0(x)| =
∣∣∣∣∣ x0.3 − x
∣∣∣∣∣ ≤ σ(x)1 − Mβ =
x
1 − 2 × ln 43
, x ∈ [1, 2].
Third Example
Finally, we will consider the integral equation
y(x) = sin(x)
(
tan(x) − x − 1 + √3 + π
12
)
+
y(x)
x
∫ x
π
12
(
−x sin(τ) y(τ)
cos2(τ)
)
dτ, x ∈
[
π
12
,
π
8
]
, (19)
and the continuous given function μ :
[
π
12 ,
π
8
]
→ [0,∞) such that μ(x) = 1x . We know that the exact solution of that
equation is y0(x) = sin(x).
We can see that all the conditions of Theorem 3 are satisﬁed. Namely, p :
[
π
12 ,
π
8
]
→ C such that
p(x) = sin(x)
(
tan(x) − x − 1 + √3 + π
12
)
is a continuous function; f :
[
π
12 ,
π
8
]
× C→ C such that f (x, y(x)) = y(x)x is a continuous function where
sup
x∈[ π12 , π8 ]
| f (x, y(x))| = sup
x∈[ π12 , π8 ]
∣∣∣∣∣ sin(x)x
∣∣∣∣∣ ≤ 3(
√
6 − √2)
π
= M;
the kernel g :
[
π
12 ,
π
8
]
×
[
π
12 ,
π
8
]
→ C such that g(x, τ) = −x sin(τ) is continuous; there exists β ∈ [0, 1) such that∫ x
π
12
|g(x, τ)| μ(τ)σ(τ)dτ =
∫ x
π
12
|−x sin(τ)| 1
τ
τdτ = x
(
cos
(
π
12
)
− cos(x)
)
≤
(
cos
(
π
12
)
− cos
(
π
8
))
x = βσ(x),
where σ :
[
π
12 ,
π
8
]
→ (0,∞) is the non-decreasing continuous function σ(x) = x. Moreover, h :
[
π
12 ,
π
8
]
× C → C such
that h(τ, y(τ)) = y(τ)cos2(τ) is a continuous function which fulﬁls the condition
|h(x, u(x)) − h(x, v(x))| =
∣∣∣∣∣ u(x)cos2(x) −
v(x)
cos2(x)
∣∣∣∣∣ ≤ 1x |u(x) − v(x)| = μ(x) |u(x) − v(x)| , x ∈
[
π
12
,
π
8
]
.
If we choose y(x) = sin(x)0.8 , it follows,∣∣∣∣∣∣y(x) − p(x) − f (x, y(x))
∫ x
π
12
g(x, τ)h(τ, y(τ))dτ
∣∣∣∣∣∣
=
∣∣∣∣∣∣sin(x)
(
5
4
− tan(x) + x + 1 − √3 − π
12
+
25
16
(
tan(x) − x − 2 + √3 + π
12
))∣∣∣∣∣∣ ≤ x = σ(x), x ∈
[
π
12
,
π
8
]
.
This exhibits the Hyers-Ulam-Rassias stability of the Hammerstein integral equation (19). Additionally, taking into
account the exact solution y0(x) = sin(x) and Mβ =
3(
√
6−√2)
π
×
(
cos
(
π
12
)
− cos
(
π
8
))

 0.0415676358 < 1, we have
|y(x) − y0(x)| =
∣∣∣∣∣ sin(x)0.8 − sin(x)
∣∣∣∣∣ ≤ σ(x)1 − Mβ , x ∈
[
π
12
,
π
8
]
.
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